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Abstract 

On each compact connected orientable surface of genus greater than 
one we construct a class of flows without self-similarities. 
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1 Introduction 
1.1 Main result 

In this paper we deal with some ergodic properties of flows on surfaces. More 
precisely, we consider smooth measure-preserving flows on compact connected 
orientable surfaces of genus g > 2 with a finite number of non-degenerate singu- 
lar points and no saddle connections. Among them we find a class of flows with 
no self-similarities, i.e. flows T = {T t } tS R for which there is no s e W. \ { — 1, 1} 
such that the flows T and T o s := {T st }tem are measure-theoretically isomor- 
phic. Thus we settle an open question raised in [S]. More precisely, we show 
that the following holds. 

Theorem 1.1. On any closed compact orientable surface of genus greater or 
equal two there exists a smooth flow which is not self-similar. 

The problems connected with the notion of self-similarity were studied in the 
past by numerous authors (e.g. in [TT], [TS] and [H]). Let us list here some of the 
results related to self-similarity which by no means constitute a complete survey. 
Let us mention first a result of an opposite nature to what will be of our interest 
in this paper. In [T5] B. Marcus showed that every positive number s is a scale of 
self-similarity of the horocycle flow on a connected orientable surface of constant 
negative curvature and finite area. The further studies include investigations of 
the size of the set I(T) = {s G R : T ~ T ° s} and some disjointness results 
(see e.g. jS], [TU] and |5U] or also more recent [52]). There are also quite a few 
different examples of flows with no self-similarities, which include mixing rank 
one flows |21j . special flows over an ergodic interval exchange transformation 
under some piecewise absolutely continuous roof functions and special flows 
over irrational rotations satisfying a certain Diophantine condition under some 
piecewise constant roof functions |S]. 



1.2 Outline of the proof 

The main idea of the proof of Theorem |1.1| is to use a special representation 
rph _ {Tt}teM of considered systems [2], (T2], [25]. In this representation the base 
automorphism T is an interval exchange transformation and the roof function 
h is smooth, except for a finite collection of points where it has logarithmic 
singularities, i.e. it is of the form f + g, where 

/(*)= E H+log{x-/3J)+ Yl (-c- +1 log{P l+1 - x}) , 

0<i<r-l 0<i<r-l 

where fa for < i < r — 1 are the discontinuity points of the interval exchange 
transformation T and {•} stands for the fractional part. The constants c~ +1 . 
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c+ for < i < r — 1 are positive (except for two of them which are equal to 
zero, for more details see Section [jjj, while the function g is piecewise absolutely 
continuous. 

The methods of showing that a flow is not self-similar developed in [5] rely on 
two properties: the absence of partial rigidity and a condition which is strictly 
related to the absence of mixing. We will use the following result ( J(T) stands 
for the set of self-joinings of T, V(M) is the set of all probability Borel measures 
on M and {-} d denotes the closure in the weak operator topology). 

Lemma 1.2 ([5 ). Let T = {Tt} tS R be a measure-preserving flow on (X,/i). If 
T is not partially rigid and a J R T t dP(t) + (1 - a) J belongs to {T t : t G R} d for 
some P G "P(K), < a < 1 and J G J(T) then T is not self-similar. 

As we can see, there are two main ingredients needed to show the absence 
of self-similarities. One of them is that in the weak closure of time automor- 
phisms we can find an operator of the form a J R T t dP(t) + (1 — a) J. Due to 



a result from [7] (see Theorem 6.1l this condition can be replaced in our situ- 
ation by the boundedness of the sequence {J D \f^ q "\x) — a n \ 2 dfx(x)}, where 
D n are appropriately chosen rigidity subsets of the interval [0, 1) in the base 
of the special flow. Important in the process of obtaining an operator of the 
form a J R T t dP(t) + (1 — a) J in the weak closure of time automorphisms is 

the sequence of measures | ^ ^ ^ ((J*- 9 ") (x) — a„) Id,,)^ (m|d„)|i which turns 
out to be uniformly tight whenever the sequence | J D \f( qn \x) — a n \ 2 dfi(x)^ 
is bounded. Recall that ((f^ qn \x) — a„) \r>„) (m|_d„) stands for the image of 
measure fi\o n via (f^ q "'{x) — a„) A theorem recently proved by C. Ulci- 
grai in [21] ensures that the sequence | J D \f^ qn \x) — a n \ 2 d/i(x)| is in fact 
bounded. This condition is strictly connected with the absence of mixing. 

The other component needed to prove the absence of self-similarities is the 
absence of partial rigidity. This will be our main technical concern, i.e. we have 
to show that there is no < u < 1 and no sequence {i„}ngN (fn ~ * o°) satisfying 
lim infn-i.00 fi(A n T_t n A) > u/i(A) for every measurable set A, where fi is the 
measure preserved by the flow. As the base automorphism we exploit interval 
exchange transformations with balanced partition lengths (see the definition in 
Section |2|. When T is an irrational rotation by a, the property of balanced 
partition lengths means that a has bounded partial quotients in its continued 
fraction expansion. To give also examples of flows without self-similarities over 
interval exchange transformations of more than two intervals, we show that all 
interval exchange transformations for which the renormalized Rauzy induction 
|18j . [26] is periodic also have balanced partition lengths. 

1.3 Organization of the remaining part of the paper 

In Section [2] we first recall the definitions of self-similarities (Section |2.1| and 
partial rigidity (Section |2.3|. Then we give the necessary information from the 



theory of joinings (Section 2.2 1. In Section 2.4 we introduce notation and recall 
the definition of an interval exchange transformation. We explain how to obtain 
an interval exchange transformation from an interval exchange transformation 
on the circle. We also recall some basic facts connected with the continued 
fraction expansion of irrational numbers. In Section |2.5| we concentrate on the 



Rauzy induction: we recall its definition and also the definition of the Rauzy 
cocycle. The further information is related to the towers for interval exchange 
transformation and the Rauzy heights cocycle. Section 2.6 is devoted to interval 
exchange transformations of periodic type. We first recall the definition and in 



Section [2.6.1| we introduce the notion of balanced partition lengths. In Section [2. 7| 
we recall basic information about the special flows. 

In Section [3] we describe how to obtain a special flow representation of flows 
on closed compact orientable surfaces, which are given by closed 1-forms, with 
a finite number of non-degenerate critical points and no saddle connections. 

In Section [4] we show that the flows in some class of special flows over inter- 
val exchange transformation under the roof function with symmetric logarithmic 
singularities are not partially rigid (Theorem 4.1 1. Namely, the claim of The- 
orem |4.1| holds whenever the interval exchange transformation in the base has 
balanced partition lengths. 

The main concern in Section [5] is with the interval exchange transformations 
with balanced partition lengths. We show that this class of IETs includes all 
IETs of periodic type (see Lemma |5.1[ ) . 

In Section [6] we prove the absence of self-similarities (Theorem 1.1 1 for the 
considered class of special flows using the results proved in Section [4] In Sec- 
tion [63] we deal with the problem of absence of spectral self-similarities. We 
formulate spectral counterparts of the results from j7] which are needed to prove 
the absence of metric self-similarities (see Theorem 6.4 1 which allows us to prove 
the absence of spectral self-similarities. We give examples of special flows with 
no spectral self-similarities which can be obtained as a representation of smooth 
flows (with saddle connections) on surfaces of genus g > 2 (see Example 6.4). 



2 Definitions 
2.1 Self-similarities 

Let T — {T t } t6 R be an ergodic measurable flow on a standard probability Borel 
space (X, B,/i). For s£l \ {0} byfoswe denote the flow {T st } te R. 

Definition 2.1. If I(T) = {sel:T and T° s are isomorphic} C {—1, 1}, we 
say that the flow T has no self-similarities. If there exists s £ I(T) \ { — 1, 1} 
we say that T is self similar with the scale of self-similarity s. 



2.2 Joinings 

Let T = {TtjtgK and S = {St}t<=R be measurable flows on (X, B, /i) and (Y, C, v) 
respectively (by measurability of the flow {TtjtgM we mean that the map t > 
(foSt,g) is continuous for all f,g £ L 2 (X, B, By J(T : S) we denote the 
set of all joinings between T and S, i.e. the set of all {T t x S , t } te jj-invariant 
probability measures on (X x Y,B ® C), whose projections on X and Y are 
equal to ^ and v respectively. For J(T : T) we write J{T). Joinings are in 
one-to-one correspondence with Markov operators $ : L 2 (X, B, if) — > L 2 (Y, C, v) 
satisfying $oT ( = o $ for all t £ M. We denote the set of such Markov 
operators by J(T,S) (as in case of measures we write J(T) for J(T, T)). This 
identification allows us to view Jiff) as a metrisable compact semitopological 
semigroup endowed with the weak operator topology. We say that T and S 
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are disjoint if J{T, S) — {/j, <E> v\ (the notion of disjoitness was introduced 
by H. Furstenberg in [S]). Given a flow T = {T t }t£wi and a Borel probability 
measure P on K, we define the operator / K Ti dP(t) acting on L 2 (X, B, fi) by 
<(/„ T t dP(t))f, g) = J R (T t f, g) dP(t) for all f,ge L\X, B, M ). 

2.3 Partial rigidity 

Definition 2.2. Let T = {TtjteM be a measurable flow on a standard proba- 
bility space (X,B,fi). The flow T is said to be partially rigid along {t n }„gN if 
there exists < u < 1 such that 

liminf /i(A n T_ t A) > u/x(A) for every A € B. 

n— >oo 

Remark 2.3. Let T — {Tt]teM. be an ergodic flow on a standard probability 
space (X, B, /i) which is partially rigid along time sequence t n —¥ oo with rigidity 
constant u £ (0, 1]. Then for any subsequence (in&)fceN C {t n ) ne ^ such that T tnk 
is convergent in weak operator topology there exists K £ J{T) such that 

lim T tn =u-ld + {l-u) ■ K. (2.1) 

k— too nk 

Indeed, let n k — > oo be such a sequence that T tn converges. Let $ = lim^oo T tn . 
For any sets A, B £ B we have 

lim \i (t u Ahb) > lim n (T tn (A n B) n (A n B)) >u- n{A n B). 

In other words, the following inequality holds for any A,B £ B: 



[ (<5>-u-ld){l A ) > 



Therefore, letting if := —, - — , we obtain 

if / > for any nonnegative function / e L 2 (X, S, /i) . 

Moreover, 

• Kl = K*l = 1, 

• U T oK = KoU T , 



whence if G J{T). This means that (2.1) indeed holds. 
On the other hand, whenever 

lim T nk = u ■ Id + (1 — u) • K 
for some K £ J~(T), flow T is partially rigid along {t n } ne ^. 

2.4 Interval exchange transformations of r > 2 intervals 
2.4.1 General definition 

An interval exchange transformation (IET) is a piecewise order-preserving isom- 
etry of a finite interval. To describe an IET of r > 1 intervals on [0, A) we need 
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the following datsQ a pair of permutations of r symbols (ttq, 7Ti) and a vector 
A = (Ai, A 2 , . . . , A r ) of lengths (A, > for 1 < i < r, £[ =1 A * = A > °)- For 
j = 1, . . . , r the map T is described by the formula 

Tx = x — Ai + A^ x € 

7ro(i)<j TiW<' r i(V 1 (i)) 

The pair (710, 7Ti) determines the ordering of the subintervals before and after 
the map is iterated and A is the vector of the lengths of the exchanged intervals. 
In what follows, we will always consider only irreducible pairs (ttq, 7Ti), i.e. such 
that for 1 < k < r 

(otherwise we could decompose the IET into two disjoint invariant subintervals 
and analyse two simpler dynamical systems). We endow the space [0, A) with 
Lebesgue measure denoted by m. 

Let T be an IET defined by the combinatorial data (710, tti) and by the length 
data A. Put 

E A « 

xo(i)<j 

for < j < r. These are the discontinuities of Tjj 

Definition 2.4. We say that T satisfies the infinite distinct orbit condition 
(IDOC) if the orbits 

0(/3j) = {T n j3j, neN} for 1 < j < r - 1 

are infinite and disjoint. 

This definition provides a generalization of the irrational rotation on the 
circle. As it was proved by M. Keane [13], if T fulfills the IDOC, then all its 
orbits are dense. Moreover, if A is rationally independent and the pair (ttq,tti) 
is irreducible, then T satisfies the IDOC. 

2.4.2 IETCs 

The definition of IETs can be easily transferred to the case of interval exchange 
transformations on the circle (IETCs). 

Definition 2.5. By an interval exchange transformation on the circle (IETC) 
we understand a map T: T — > T which is a piecewise orientation-preserving 
isometry (T is identified with S 1 = {z € C: \z\ = 1}). 

Remark 2.6. Every IET yields an IETC by the identification of the ends of 
the interval. The number of the exchanged intervals (arcs in the case of IETCs) 
remains the same. 

x We use the notation introduced by Marmi, Moussa and Yoccoz in [16] ■ 
2 All of the points /3j are called discontinuities, even though T is continuous at /3o, it is not 
denned at T and it may happen that T is continuous at j3j for some < j < r. 



E ^ E * 

Ta(i)<J Ta(i)<J 



G 



On the other hand, every IETC yields an IET. Indeed, consider an IETC T 
of r — 1 arcs. Let us denote by one of the discontinuity points of T and treat 
the circle as the interval [0,1). Typically we obtain an IET of r intervals. A 



point which is mapped by the IETC to (in the example in Figure 2.1 denoted 
by (83) becomes an additional discontinuity for the resulting IET. 




• discontinuity points for the IETC 

O additional discontinuity point for the IET 



p =0 ft (3 2 (3 3 =T- l 1 
f + 8 » 




7^3 = Tfli T/3q T(3 2 1 

Figure 2.1: IET obtained from an IETC 



2.4.3 IETs of two intervals 

If a is an irrational number, then we denote by Tx = x + a the corresponding 
irrational rotation on (T, B(T), to). The circle T = R/Z is identified with the in- 
terval [0, 1), the measure m is Lebesgue measure inherited from [0, 1). Rotation 
on the circle is an exchange of two intervals. 

For an irrational a £ T let {q n } stand for the sequence of its denominators, 

i.e. 

PO = 0, pi = 1, Pn+l = a n+ ip n + Pn-l, 

9o = 1, qi = ai, q n +i = a n+ iq„ + q n -i 

and [0; ai, a 2 , . . . ] denotes the continued fraction expansion of a. 

Definition 2.7. Let a £ T be irrational. It has bounded partial quotients if 
there exists M > such that a n < M for all n G N. 
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2.5 Rauzy induction 

Recall the definition of the Rauzy induction map 1Z on the space of IETs which 
fulfill the IDOC (the algorithm was introduced and developed by G. Rauzy and 
W. A. Veech in [THJ Let us denote this space by A. For a given IET 

T exchanging r intervals represented by the triple (A, 7To,7ri), set jo — 7r^" 1 (r), 
ji = 7r 1 ^ 1 (r), = [0, 1 — min(Aj , A^)) and let TZ(T) be the induced map on 
/W. Due to the IDOC, X jo ^ X h . Moreover, we obtain again an IET of r 
intervals. Let 

I + E j Ji if ^j'o < 



A(T) = 



where I is the identity matrix and Eij denotes the matrix whose all entries are 
equal to except for the one which is equal to 1. This defines the Rauzy 
cocycle A: A — > SL(r,Z) (see (30] ) • The process of inducing on subintervals 
chosen as described above, can be repeated infinitely many times. Therefore we 
define (A (n) , 7r< n) , ir[ n) ) = K n (X, 7r , tti) and /<") = [0,1- min(A£ -1) , a£ -1) )) 

for n > 0. The IDOC assures that A^™ ^ and A^™ 1 ' are never equal. The 
set of all combinatorial data accessible from the initial one by applying Rauzy 
induction is called a Rauzy class. 

2.5.1 Operations on towers 

(n) 

Denote by /■ , j = 1, . . . , r, the subintervals exchanged by lZ n T. These inter- 
vals determine a partition of the given interval / into towers Hj (J — 1, . . . , r), 
where 



H j n) = U TkI i n) ( 2 - 2 ) 



T \ " ! |J T l: j{n) 

k=0 

and hj is the common first return time to the interval /( n ) for the points from 
We call the sets towers for TZ n T and the sets T fc ij n) the floors of 

(n) 

the tower iJj . Note that once we have fixed n, all the floors of all the towers 
for TZ n T are disjoint: 

Jl J2 

for 1 < ji < r, < h < - 1 (i = 1, 2) such that (ji, fc x ) ^ (j 2 , fo)- 



By cutting the tower ifj at the point x € -Z^™- 1 we will mean refining the 
partition into the floors of the towers as follows: if 
of the partition points the set Tx, . . . , T h i ~ ±x ^ ( see Fig. 



2.21 



2.5.2 Rauzy heights cocycle 

Let be the column vector (1, . . . , 1) e Z r and the column vector with 
heights of the towers for the n-th step of Rauzy induction as its entries. Then we 
have = A{1Z { - n - 1 \T))h { - n - v > and, denoting by A^ the product of matrices 
along the 7\L-orbit of T: 

A< n > = A{Tl n - l {T)) ■ A{1l n - 2 {T)) A{K{T)) ■ A(T), 
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— 4- 

X 



Figure 2.2: Towers cut at x 



we get 

= J 4(«)(1 ) ...,1). (2.3) 

It is the transpose of the cocycle which appears in [55] and [59], i.e. we can 
express also the lengths vectors for the induced transformations in terms of the 
Rauzy cocycle: 

A (») = ((4W( T ))T)-i A (o), 



For n £ N let 



and 



Kun = , mi n h j 

l<j<r J 



h£l=maxhl n) . 

l<J<r J 



2.6 IETs of periodic type 

Definition 2.8. We say that IET T is of periodic type if the following two 
conditions hold: 

a) the sequence A(T), A(1ZT), . . . , A(7Z n T) is periodic with some period p > 
0, i.e. A{K n+p T) = A(K n T) for all neN; 

b) the period matrix A^ P \T) has strictly positive entries. 

Examples of IETs of periodic type can be constructed by choosing a closed 
path on the Rauzy class (for the details we refer to [55]). Moreover, every IET 
of periodic type can be obtained this way. 

If the matrix B E SL(r,Z) has strictly positive entries, introduce the fol- 
lowing quantity (in [25 there was introduced an analogous definition where the 
ratios of the entries in the rows was maximized) : 

v{B) = max 

Bij 

Then if ft( m +») = B ■ h (n \ it follows that 

1 u (n+m) 

<±—S<V{B). (2.4) 



In the case of periodic IETs with period p we will use this fact for B = A^(T). 
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Let V be a partition of some interval into subintervals. By minT 5 and maxT 5 
we denote the minimum and the maximum length of the subintervals determined 
by this partition. By V{a; x%, . . . , Xk] b) we denote the partition of the interval 
[a, b) by the points xi,...,Xk- When there is no ambiguity (e.g. when the 
considered interval is [0, 1)) we drop the dependence on the interval [a, b) and 
write V({xi : 1 < i < k}) for Via; x\, . . . , Xkj b). 

2.6.1 Balanced partition lengths 

Definition 2.9. Let T: [0,1) — > [0,1) be an IET with discontinuity points 
= /3o < Pi < ■ ■ ■ < fir-i < (3 r = 1. We say that it has balanced partition 
lengths with constant c > if for any j > 1 two following conditions hold: 



where Vj = T'({T~ k (3 i : 1 < i < r - 1, < k < j - 1}); 

(") 

— < mmV({T- k+l Pi-. < I <j - 1}) 

< maxV({T- k+l (3i : < I < j - 1}) < - 

3 

for all < i < r - 1 and < k < j - 1. 

Remark 2.10. Notice that in (i) the partitions under consideration are gener- 
ated by all the discontinuities whereas in (ii) we treat each discontinuity sepa- 
rately. Moreover, in (ii) we iterate discontinuities both backwards and forwards 
as opposed to (i) where only backward iterations are taken into account. 

Remark 2.11. Let T: [0, 1) -> [0, 1) be an IET. If the conditions (i) and (ii) of 
the above definition are fulfilled with different constants, c\ and c-i respectively, 
then T has balanced partition lengths with constant c = max{ci,C2}. 

Remark 2.12. Definition |2.9| of balanced partition lengths for IETs can be eas- 
ily transferred to the case of IETCs. Notice that an IET has balanced partition 
lengths whenever the corresponding IETC has balanced partition lengths. 

2.7 Special flows 

Let T: (X,B,fi) — > (X,B,fi) be an ergodic automorphism of a standard prob- 
abilistic space and let / £ L l (X, B, fi) be a strictly positive function. Let 
X f = {(x, t) e X x R: < t < f{x)}. Under the action of the special flow T f 
each point of X* moves upwards vertically at the unit speed and we identify 
the points (x,f(x)) and (Tx, 0). We put 



(i) 



— < imiiVj < maxVj < -, 
cj j 




f(x) + f(Tx) + ... + f(T 





x) if n > 



if rc = 
if n < 0. 
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For a formal definition of the special flow, consider the skew product S-f : (X x 
l,/ji8t?i)-^(Xxl,/i® m), where m stands for the Lebesgue measure, given 
by the equation 

S- f (x,r) = (Tx,r- f(x)) 

and let r* stand for the quotient space JxR/ ~, where the relation ~ identifies 
the points in each orbit of the action on X x K by S-f. Let a — {at}t£M denote 
the flow on (Ixl,(i® m) given by 

at(x, r) = (x,r + t). 

Since at ° S—f = S-f o cr ( , we can consider the quotient flow of the action a by 
the relation ~. This is the special flow over T under / denoted by T* . 



3 Representation as a special flow 

We will construct a class of flows on surfaces of genus equal or greater than 
two, with a finite number of singularities, and with no saddle connections. We 
recall that a saddle connection is a flow orbit which joints two (not necessarily 
distinct) saddles. In case when the orbit joints the same saddle, the saddle 
connection is called a loop saddle connection. 

Consider a closed 1-form a; on a closed, compact, orientable surface of genus 
g. Since to is closed, it is locally equal to dH for some real-valued function 
H. The flow associated to u is locally given by the solutions of the system 
of differential equations x = y — — Assume that this flow has a 
finite number of nondegenerate critical points and that there are no saddle 
connections. Flows generated by such forms were shown to be minimal by 
A. G. Mayer in [T7]. Moreover, they are isomorphic to special flows over interval 
exchange transformations of 4g — 4 intervals on a circle - a closed curve on 
the surface transversal to the flow. The roof function is smooth, except for a 
finite number of points (which are the first intersections of the backward orbits 
of the singularities of the flow with the transversal), where it has logarithmic 
singularities. The set of such points coincides with the discontinuities of the 



interval exchange on the circle (see the left part of Figure 3.1l. For more 
information on representing flows this way see Section 1.1. in [25], for the 
calculations in the case of a torus, see Section 4 in [5] and in the general case 
see Section 3 in |14| . 

In order to use some properties of the IETs on the interval [0, 1), we proceed 



as in Remark 2.6 (see Figures 2.1 and 3.1l. This results in that one of the 
discontinuities of the IET (the point which is mapped to by the IET) is not a 
discontinuity of the roof function. Both one-sided limits at this point are finite 
and equal. It is also reflected in the formula for the roof function which is of 
the form f + g, where / is given by 

/(*)= E H+log{x-/3 i })+ J2 (-q +1 log{ft+i-x}), (3.1) 

0<i<r~l 0<i<r-l 

where Pi for < i < r — 1 are the discontinuity points of the interval exchange 
transformation T on the interval and g is piecewise absolutely continuous (it is 
continuous whenever / is so), such that min(/ + g) > 0. The function g can be 
represented as a sum g = g\ + gi + 93, where g\ is absolutely continuous with 
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Figure 3.1: Opening the closed transversal 



<?i(0) = linijj^! g\{x), gi is linear and <? 3 is piecewise constant and is continuous 
whenever g is so. The constants c~ +1 , cf for < i < r — 1 are positive, except 
for cf Q = c^ +1 = 0, where io = tto ° n x i r ) = ° (1) — 1 ("o an d tti are the 
combinatorial data defining T, for the definition see Section [2~4| . 

Moreover, since the flow has no saddle connections we have cf = c~ for 
1 < i < r — 1 and Cq = c~ in the definition of /. Therefore 

7 — 1 r— 1 



i=0 



+ _ 



E c r+i- (3-2) 



If the condition (3.2 1 is satisfied for the roof function which is of the form 
/ + g (with / given by ( |3.1[ ) and g as above), the roof function is said to have 
logarithmic singularities of symmetric type (otherwise they are cold asymmet- 
ric). All results from Section [4] hold for the roof function with singularities of 
both symmetric and asymmetric type. In Section [6] we need to assume that the 
singularities are of symmetric typej^j 

To keep the notation as simple as possible, in the remainder of the paper we 
will additionally assume that and c~ +1 are strictly positive and we will deal 
with IETs on the interval [0,1). All the results remain true (with notational 
changes only) for IETs on the circle which corresponds to the fact that c. 



"•to+l 



(see also Remark 2.121. 



to 



4 Absence of partial rigidity 

4.1 Main result and outline of the proof 

The main result of this section is the following. 

Theorem 4.1. Let T: [0, 1) — > [0, 1) be an IET with discontinuity points = 
/?o < Pi < ■ ■ ■ < fir-i < Pr = 1 an d balanced partition lengths with constant 
c > 0. Let 

f( x )= Yl {-4io g {x-p i })+ Hr+iiogift+i-z}), (4.i) 

0<i<r-l 0<i<r-l 
3 Singularities of asymmetric type may appear if we admit loop saddle connections. 
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where c^ +11 c~l > for < i < r — 1 and g is a piecewise absolutely continuous 
function which is always continuous whenever f is continuous and satisfies the 
condition min(/ + g) > 0. Then the special flow T$ +9 over T under f + g is 
not partially rigid. 



Our main tool to prove Theorem |4 . 1 1 will be the following lemma which gives 
a necessary condition for a special flow to be partially rigid. 

Lemma 4.2 ([8 ). Let T: (X,B,/i) — > (X,B,^i) be an ergodic automorphism 
and f £ ^(Xjfj.) be a positive function such that f > C > 0. Suppose that the 
special flow T* is partially rigid along the sequence {t n }nGN (t n — > +oo). Then 
there exists < u < 1 such that for every < e < C we have 



(4.2) 



□ 



liminf n{x el: (3 j € N) \f U \x) - t n \ < e} > 



Before going into detail let us give the outline of the proof of Theorem |4.1| 
The roof function of the special flow we deal with is a sum of / and g. These 
two functions are of a very different character and this is why we deal with them 
separately. 

We begin by considering the function / only (i.e. we act as if g = 0). In 
order to apply Lemma 4.2 we show first that arbitrary big proportion (less 
than one) of points from each continuity interval for the bas e tra nsformation 
is such that the derivative /'w is large enough (see Lemma 4.4 1. The most 



important property used in the proof of Lemma |4.4| is that the interval exchange 
transformation in the base has balanced partition lengths. This will allow us 



later (in the proof of Lemma 4.11 1 to conclude that the condition (4.2 1 does not 
hold. 

What we do next is to perturb the roof function /. Every absolutely contin- 
uous function g on [0, 1) can be decomposed into the sum <?i + <?2 + 93, where 
<?i is absolutely continuous with gi(0) = \im x ^i gi(x), gi is linear and g% is 
piecewise constant and is continuous whenever g is. 

A perturbation by a linear function has no influence on the claim of Lemma [4.4| 

will allow us later (in the proof of 



due to Remark 



4.1 



Moreover, Lemma 



Lemma 4.11) to conclude that a perturbation by an arbitrary absolutely con- 



tinuous function doesn't change the situation either. 



The next step is to construct a partition of the interval [0,1) (sec Lemma 4.9 1 



In the proof of Lemma |4.11| we will work with each subinterval of this parti 
tion separately. The situation in each of these subintervals is presented in Fig- 



ure 



4.11 



As we can see in the figure, the functions f^ whose graphs cross 
the 2e-strip around t can be divided into two groups: we treat separately the 
function which is "in the middle" (denoted with a solid line in the figure) and 
the functions which are at its both sides (denoted with the dashed lines). We 
apply Lemma |4.4| to the function which is "in the middle" to see that there is 
"not too much of it" in the e-strip around t. The functions which are at its sides 



cannot fill "too much" of the strip either due to convexity (see Figure 4.12 and 



Lemma 4.3 ) 



4.2 Technical details 

Let T be an IET with discontinuities = flo < 0x < • • • < Pr-i < Pr = 1- 
Assume that T fulfills the IDOC and T has balanced partition lengths with 
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constant c > 0. For j > 1 consider the partition (see Definition 2.9 1. Denote 
the partition points in the increasing order by 

" 4 ' 4 ' 4-_l)j < L 

Let the function f be given by equation (3.1 1 and g be as described in Section [3] 
Notice that x\ (0 < i < (r — are all discontinuity points of the function 
(j > !)■ Note also that fd)' = jf'Ci) whenever both derivatives are well- 
defined and the sets of discontinuity points of the functions f'W and are 
equal. Now we will study some basic properties of the function /'. For j ' > 1 
and < i < (r — l)j let A^ = (xl,x\ +1 ) and = x J i+1 — x\. 

Lemma 4.3. For every j > 2 and < i < (r — l)j i/ie function is strictly 



Aj with lim x _ ) . x .+ /'(a;) = -co, linxj^a, - /'(a;) = oo. Tft. 



e same 



holds for f"'^{x). 



Proof. We prove the statement by induction. The same arguments remain valid 
for both h = /' and h = f" . Since h^ +v >{x) = h^(Tx) + h(x), the set 
of discontinuities for h^ +1 ^ consists of two parts: the discontinuities of h and 
the discontinuities of iterated backwards one time. The conclusion follows 
directly from the following two observations: 

• for every < i < r — 1 the function h{x) is increasing on the interval 

[Pi, 

• Y\m. x ^fj i + h(x) — — oo and linx,,^ _ h(x) = oo. 

□ 

Remark 4.1. If we replace / with f + g2 (where gi is linear), the assertion of 
the above lemma remains true. 

Lemma 4.4. For every < r\ < 1 there exists 5 > such that for every j > 6c 2 , 
< i < (r - l)j 

m{{x G A| : |/' (i) (a:)l > #}) > 

Speaking less formally, we claim that for j large enough on any positive 
proportion of the interval the absolute value of the derivative of fV\ i.e. 
/'"•' , is larger than Sj for some S > 0. 

Proof. Take < f] < 1. Recall that T has balanced partition lengths and 
therefore 

—.<&<% (4.3) 
for every j > 1 and < i < (r — l)j. Let A/ > max{j^,c 2 }. Put S — 

E ' =t 4M C 3 C ' +l) - Fix 3 ^ 6c2 and < i < (r - l)j. Choose x G A? satisfying 
f U) (xo) = 0. We claim that 

M 

f (j) (x) > Sj for x G A^ such that |x - a; | > (4.4) 

Without loss of generality, we will conduct the proof only for x > Xq. Since f'U' 
is increasing on A^, it is enough to show that (x + > Sj, provided 
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that xq + -A G A{. Let x — xq + -A. If x £ A{ then (4.4) is trivial. Suppose 



that x G A? 



We will estimate now f' {j) (x) = f u) (x) - f u) (x ) from below. Let < 
ko < j — 1 be such that T _fc °ft is the left end of the interval A^. Since 

T- k (3,. <£ [T- ko (5 l(t ,x] for < k < j - 1 and < i < r - 1, 

it follows that 

A g T fe ([T~ fe °ft ,2;]) for < k < j - 1 and < i < r - 1. (4.5) 

Thus T k is a translation on [T~ k ° /3 io ,x] for < k < j — 1, i.e. 

T k x = x + c fe for a; G [T- fco /3 4o , x] (4.6) 

for some constants (0 < k < j — 1). Therefore the lengths of the intervals of 
the three partitions by the sets of points {T k ~ k ° j3 l0 : < k < j- 1}, {T k x : < 
k < j — 1} and {T fc 5J: < k < j — 1} are the same, except for the leftmost and 
rightmost intervals. The length of the leftmost and rightmost intervals of the 
two latter partitions can be estimated from above by 2 m&xV ({T k ~ k ° f3i : < 
k < j — 1}). Hence, in view of the inequalities (4.3), if T kl x n < T k2 x then 

T k2 x - T kl x ={T k2 x - T kl x Q ) - {T kl x - T kl x ) >— - ^- > — -% 

cj M cj c 2 



>0, 



as we have chosen M > c 2 . This means that the interval [a;o,a;] and its j — 1 
consecutive iterations by T are pairwise disjoint. 
Let/: [0,l)->-Rbe given by 



r-l 

7( x ) = a+i) (~ c 4 + lo §{ x - ~ c 7+i lo g{A+i - x}) 

i=0 



For < i < r — 1 put 

Ai = max {/'(T fc x) : < k < j - 1 such that T k x G [ft, ft+i)} , 
i?i = min {f{T k x Q ) : < k < j - 1 such that T fc a;o G [ft, ft+i)} , 

i.e. Aj is the image via /' of the right end of the rightmost interval among 
T k [xo,x] for < k < j — 1 such that T k [xo,x] C [ft,ft+i) and Bi is the image 
via /' of the left end of the rightmost int erva l among T k [x ,x] for < k < j-l 
such that T k [x ,x] C [ft,ft+i) (see Fig. 4.1 1. Moreover, for < i < r — 1 put 

~A, = max \j'{T k x) : < k < j - 1 such that T k x G [ft,ft + i)| , 

Bi = min |/'(T fe x ) : < k < j - 1 such that T k x Q G [ft,ft+i)| . 

Fix < i < i — 1. We claim that 

Bi < 1' (ft + j ) ■ (4.7) 
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Figure 4.1: The iterations of [x ,x] and the gaps in (ft,ft+i) 



Indeed, since / is increasing, it suffices to show that there exists < k < j — 1 
such that T k xo € [ft, ft+i) and T fc £o < ft + y. Consider first the case when 
i = (see Fig. 4.2). Let < fci < j — 1 and io be such that 



c{T~ fe ft : T~ fc ft <x Q , < k < j - 1, < i < r - 1}. 



Since T has balanced partition lengths, x — T~ kl f3 io < ~. For the same 
reason, there exists < fc 2 < j - 1 such that T k2 ~ kl f3 io < j. Hence T k2 xo < y . 
Moreover, we have j > 6c 2 > 2c 2 , so - > — and therefore T k2 x € [0, ft). 
Consider now the case when i > (see Fig. 4.3 1. Let < fci < j — 1 be such 
that 

T fel a;o = max{T k x < ft : < k < j - 1} 
and let < ^2 < j — 1 be such that 

T k2 x = min{T fc x > ft : < k < j - 1}. 

Then 

T k2 x - ft < T fc2 x - T fcl x < - < -, 



where the middle inequality follows from the remarks after (4.6). The inequal- 



16 



= /3 T k -- k -p i0 T k *x 



X 



01 



Figure 4.2: i = 



^ c 



I I 



r J i i 



J I L 



x 



A: 



i+l 



Figure 4.3: i > 



ity (4.7 1 is therefore proved. Hence 

2c x 



J 



'i+l 



2 c 



ft+1 - A - 



2 c ' 



In a similar way we obtain 
2c 



(4.8) 



A+i-f-A ft+i-(ft+i-f) 



2c 1 2c ' 



-Pi- J J 



(4.9) 



>i+l 



Recall that 
implies - — ^ > 0, we have 



ft > \ (this follows from (4.3) for j = 1). Since j > 6c : 



A, > + %i and B< < -f + ^ 

c j j j c j 
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Therefore 



At - Bi > 



2c 
J 



2c 
j 



2c 
j 



1 _ 2c 

c j 



(c+ + c l+1 ) 



2c 



1 _ 2c 

c j , 



> Ci +c '+i J, (4.10) 
4 c 



where the last inequality follows from the assumption that j > 6c 2 . Note that 
/' — / i s increasing on (ft,ft + i) and therefore 

(A i -^)-(B i -B < )>0. 

Indeed, since /' and / are both increasing on (ft, ft+i), the maximal value 
among f'(T k x) (0 < fe < J — 1) and the maximal value among f (T k x) (0 < 
< j ' — 1) are obtained for the same argument T fc 3;. The same applies to the 
minima in the definition of B; and B; . Hence 



Ai - Bi > A, - Bi > 



3+1 1 

1 c' 



Adding the inequalities for < i < r — 1, we conclude that 



i=0 



i=0 



C 



(4.11) 



If < fci, fe 2 < j - 1 satisfy ft < T fcl a;o < T k *x < ft +i and for < k < j - 1 
we have T k x Q <£ (T kl x , T k *x ), we say that (T kl x, T k2 x ) is a in (ft, ft+i). 
Since T has balanced partition lengths, in view of (4.6) and (4.3 1 we obtain an 
upper bound for the lengths of the gaps: 



T k2 x - T k ^x <--f 7 = t^Mc 2 - < f-(Mc 2 - 1) 
~ j M Mcj M ~ M y ' 

for any gap (T kl x,T k2 x ). 



(4.12) 



Fix again < i < r — 1. From Lemma 4.3 it follows that the function /'W 
has one inflection point in the interval (ft,ft+i). Denote it by 7,-. To each 
gap in ( ft , ft+i) assign one of the iterations T k [xo,x] in the following way (see 
Fig. 4.1 1. Consider the gap (T kl x,T k2 x ). There are three cases: 

• if T kl x > 7l , we assign [T k2 x , T k2 x] to the gap (T kl x,T k2 x ), 

• if T kl x < 7,, we assign [T kl x ,T kl x] to the gap (T kl x,T k2 x ), 

• if 7i € (T kl x,T k2 x ) then we split the gap and assign [T fel a;o, T fcl S] to 
(T fcl x,7) and [T fe2 a;o,T fc2 5;] to ( 7l ,r fc2 x ). 

If 7i € [T k x ,T k x] for some < k < j — 1 then [T k x ,T k x] is not assigned to 
any gap. 

From ( |4.12 1 it follows that the ratio of the length of each gap to the length 
of the interval which is assigned to it can be estimated from above by c 2 M — 1: 
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• for (T kl x,T k2 x ) with T kl x > 7, we have T k2 x Q -T kl x < f(Mc 2 -l) = 
(T k2 x -T k2 x)(c 2 M - 1), 

• for (T kl x, T k2 x ) with T k2 x < 7i we have T k2 x Q - T kl x < ||(Mc 2 - 1) = 
(T kl x ~T kl x)(c 2 M - 1), 

• for (T fcl £, T fe2 a;o) with lt G (T kl x, T k2 x ) we have 7l - T fcl x < §(Mc 2 - 

1) = (T kl x-T kl x )(c 2 M - 1) and T fe2 x - 7, < §(Aic 2 - 1) = (T fe2 s- 
T k2 x a )(c 2 M - 1). 

Let a fc = f(T fc x) - f'(T k x ) (0 < k < j - 1). Since /'^ is concave on 
(/?i,7i) and convex on (7,, /3j_|_i), the length of the image by /' of each gap 
can be estimated from above by ak{c 2 M — 1) with k chosen according to the 
assignment described previously, i.e. 

• for (T kl x,T k2 x ) withT kl x > 7i we have f'(T k2 x )-f'(T kl x) < a k . 2 (c 2 M- 
1), 

• for (T kl x, T k2 x ) with T k2 x < 7l we have f'(T k2 x Q )-f(T kl x) < a kl (c 2 M- 
1), 

• for (T kl x,T k2 x Q ) with 7, G (T kl x,T k2 x Q ) we have f{T k2 x ) - /' (7^ < 
a fe2 (c 2 M - 1) and /' ( 7i ) - /' (T fe ^) < a fcl (c 2 M - 1). 

This means that the sum of the lengths of the intervals [^4j,_Bj], which is the 
sum of the images of the intervals [T k Xo, T k x] G (ft, ft+i) f° r < < J ~ 1 and 
the images of the gaps between them in each (ft, can be estimated from 
above as follows: 

r— 1 3-1 J-l J-l 

5Z(A t - Bi) <J2 a k + Y, ak ^ M - !) = £ a ^ 2M - ( 4 - 13 ) 

t=0 fe=0 fe=0 fc=0 



F rom (|45| ) it follows that ft £ [T fc a;o, T fc x] for < Jfe < j - 1, so by gTT]) 
and (4.131 we obtain 

3-1 3-1 
- /'«)(!) - /'«(zo) = £ {f'(T k x) - f(T k x )) = $> fe 

c 2 M c 2 M AMc 3 3 J ' 

2 



and condition (4.4) indeed holds. Since M > jzr, this means that 

m ({a G A| : > Sj}) >(l-^)4>r& 

and the proof is complete. □ 

Remark 4.2. We claim that the assertion of the above lemma remains true 
if we replace / with / + g 2 where g 2 is linear. Indeed, notice that throughout 
the proof we have mostly used properties of / which are not affected by adding 
a linear function to / such as (piecewise) monotonicity or convexity. The only 
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places where we needed an explicit formula for the considered function were (4.8 1 
and (4.9). The estimates of Ai and Bi are clearly different for / + g 2 in place 
of /. However, what is used in the remainder of the proof is (4.10 I which stays 
unchanged: to adjust the proof for / + g 2 we need to add the same value to the 



"new" Ai and Bi which cancels out in (4.10l. 

Lemma 4.5. Let % = {h a : a € .4} be a family of monotonic, differentiable, 
convex functions h a : (a a ,b a ) — > R. Suppose that 



(V < n < 1) (3 S > (Vaei) 



ml x e (o a ,6 a ): |/4(#)l > 



>n(b a -a a ). (4.14) 



(V0<i;<l) (3 e > 0) (V <> 0) (V«e^) 

m {x € (a a , 6 a ) : |ft.Q,(x) — t| < 2e} < rj(b a — a Q ). 

Proof. Fix < rj < 1. Take 1 - ry < 77 < 1 and i > such that ^ + 1 — r\ < rj. 
Take e < S^j, where 8 is as in the condition (4.14). Fix a £ A. Let t > and 



A Q = {x E (a a ,b a ) : \h a (x) -t\< 2e}, 
B a = \ x E (a a , b a ) : \h' a (x)\ > - — - — 



By assumption m{A a (1 B^) < (1 — r])(b a — a a ). Since function h a is convex and 
monotone, B a and are intervals, whence also A a n -Bq, is an interval. Put 

xi^ a = inf(A Q n P a ), x 2 . a = sup(A Q n 
From the mean value theorem 

\h a (xi iCC ) - h(x 2 , a )\ = \h' a (£)(x2, a ~ Xi <a )\ for some £ € ^2, ev- 

idence £ € B a and we obtain 

5 



4e > |/i a (x 2 , Q ) - /i(xi, Q )| = \ti a (£)(x 2 , a - Xi, a )\ > 



\X2,a - Xl,a\ 



which implies 



\X 2 .. 



4e(b a - a a ) 2n(b a - a a ) 
xi, a \ < ~ < = . 



It follows that 



i(A a ) = m(A a n B c a ) + m{A a n B a ) < (1 - V )(b a - a a ) + 
1 - V + — J (b a - a a ) < r](b a - a a ), 



2n{b a - a a ) 
L 



and the proof is complete. 



□ 
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In the proof of the next lemma we use the same techniques as in (3] (see 
Lemma 2, Ch. 16, §3 for C 1 -functions in the case of rotations) and in [5] (see 
Lemma 6.1 for absolutely continuous functions in the case of rotations). One 
of the properties which we will use in the proof is unique ergodicity of the 
considered interval exchange transformations. In order to show that the IETs 
we deal with are indeed uniquely ergodic, let us recall first some definitions 
introduced by M. A. Boshernitzan [3 . 

Definition 4.3. Set A C N = {1,2,3,...} is said to be essential if for any 
I > 2 there exists a > 1 such that the system 

for 1 < i < I - 1 
for 1 < i < I 

has an infinite number of solutions (ni, n?, . . . , n{). 

Definition 4.4. We say that an IET T has Property P if for some e > the 
set {n G N: min'P n > ^} is essential. 

Theorem 4.6. fSjj Let T be a minimal IET which satisfies Property P. Then T 
is uniquely ergodic. 

Corollary 4.7. Any IET with balanced partition lengths is uniquely ergodic. 




Proof. The claim follows directly by Theorem |4.6| and by the definition of bal- 
anced partition lenghts. □ 

Lemma 4.8. Let T: [0,1) — > [0,1) be an IET of r intervals with balanced 
partition lengths with constant c > and let g: [0,1) — > K be an absolutely 
continuous function such that J Q g'(x)dx = 0. Then for any e > there exists 
Nq > such that for n > No, all < i < (n — l)r and x, y € A™ the inequality 
\g {n) (x) -g {n) (y)\ < e holds. 

Proof. Fix £ > 0. We claim that there exists a C 1 -function g £ : [0, 1) — > K such 
that 

Var{9 ~ 9s) < 2PTTT) 

and 

£ 



g' £ (x) dx 



< 4c 



Indeed, since g is absolutely continuous, there exists / £ L 1 ([0, 1)) and a £ 
such that 



g(x) =a+ f(y) dy 
Jo 

for x £ [0, 1). Let function f e £ C([0, 1)) be such that 
11/ ~ /elU 1 < min 



2([c 2 ] + l)'4c, 
and let g £ {x) = a + f E (y) dy for x £ [0, 1). Then indeed 

Var(g-g £ )= [ \f(x)-f £ (x)\dx< 



i) 



2([c?] + l) 
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and 



g' e {x)dx 



g' e (x) — g(x) dx 



fe(x) - f(x) dx 



< / \f e (x)-f(x)\ dx< 



4c' 



By Corollary |4.7| T is uniquely ergodic and therefore 



^ n-i „\ 
lim -y^g' e {T 3 x) = \ g' e {x) dx 



< 



4c' 



where the convergence is uniform with respect to xj^] In other words, there 
exists Nq € N such that 



n-l 

T,9e(T 3 x) 

3=0 



< 



n-l .i .i 

y2g' £ (T ] x) -n g' e {x) dx + n g' £ {x) dx 
j=0 J ° J ° 



£ £ £ 

< n ■ h n • — — n ■ — (4.15) 

4c 4c 2c K ' 



for n > N and all x € [0,1). Fix n > N , let < i < (n — l)r and take 
x, y € A™, x < y. For < j < n — 1 we have |T J a; — T J y\ = \x — y\, whence 

n— 1 »y n— 1 

£ (ffe(T^) - ffe (T>'y)) = / E -9e( T ^) 

j=Q X 3=0 

Therefore, by (4.151 and by the assumption that T has balanced partition 
lengths with constant c, we obtain 



n-l 
3=0 



< 



n-l 

3=0 



£ . . £ C £ 

dz < n — \x — y \ < n = -. 

~ 2c 1 yl ~ 2cn 2 



Let us consider the following family of intervals: 

l = {[x,y], [Tx, Ty},..., {T n ~ 1 x, T^hj]}. 

For every < i =/= j < n — 1, using the assumption that T has balanced partition 
lengths, we obtain 

\T i x-T i x\ > — . 

cn 

Moreover, for < i < n — 1 

Wx-Tiyl =\x-y\<-. 



4 IETs are homeomorphisms of some Cantor sets, see 1161 S. Marmi, P. Moussa, J.-C. Yoccoz. 
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It follows that a point from [0, 1) belongs to at most [c 2 ] + 1 intervals from the 
family X. Therefore 

n — 1 n—1 

< J2 \(S - 9e){T 3 x) -(g- g e )(T*y)\ < ^ Var [T , :r y] (g - g e ) 

j=0 j=0 

< ([c 2 ] + l)Var(g-g e ) < |. 



Hence 



\gW(x)-gW(v)\ < \g<?\x)-gl n Hy)\ + \ < e 



which completes the proof. □ 

Remark 4.5. Notice that for an absolutely continuous function g: [0, 1) — > K 
the conditions g(0) = \im x ^i g(x) and L g'(x)dx — are equivalent. Notice 
also that the assertion of the above lemma remains true if we replace g with 
.<?i + .93 where <?i is absolutely continuous satisfying g' 1 (x)dx = and 173 is 
piecewise constant and continuos whenever the IET is. 

Let /, g: [0,1) — > K be as described in Section [3] (i.e. / is given by the 
formula (3.1 1 and g — g\ + g 2 + .93 where g\ is absolutely continuous with 
g(0) = lim^-j.! g(x), 92 is linear and g% is piecewise constant and is continuous 
whenever g is so). Fix 

0<e< imin(/ + «?) (4.16) 

and let iVo € N be as in the assertion of Lemma |4.8| Now we will describe a 
procedure of choosing a partition of the interval [0, 1) into A]_,. .. , A n . which 
depends on the functions / and g, on the parameter t and on e. We will use 
this partition in the proof of the main theorem. To make clear what functions 
or parameters we mean, we will indicate it in the parentheses: Aj(/, g, t, e). 
Let 

j = max{j G N: (3 x G [0, 1)) fV\x) + g {i) (x) -t < e}. 

Since min(/ + g) > 0, jo is finite and therefore determines a partition of the in- 
terval [0, 1) into subintervals Ag° , . . . , A/°_jw (for the definition of these subin- 
tervals see page 14 1. For < i < (r — l)jo set 

jj° = max |j G N: (3 x G Af ) \ f<- j) (x) + g^ j) (x) - t\ < e\ G NU {-00} 

(we put jf° = —00 if the set is empty). Let 

P = {xf : < % < (r - l)j }. 

We are interested in the strip [0, 1) x (t — e, t + e) and this is why the partition 
determined by P might be too fine for our purposes, i.e. all the functions 
fU) + g U) for j > N such that (/C?) + gW) (A,) n (t - e,t + e) ^ might be 
continuous at the endpoints of Aj for some i. Therefore we remove now some 
points from P. The procedure consists of three steps. After each of them, by 
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i+1 



X 
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9 



(j'i+i) 



f(ji) _|_ g(ji) = f(ji+l) 
fO'i-l) _|_ gUi-1) 



Figure 4.4: Assume = j.; = jj+i. -S^ep i. Remove Don't remove x 3 ° +1 



abuse of notation, we still denote the reduced set of the partition points by the 
same letter P. 

Find all < i < (r - l)j Q such that jj° = 



Step 1 (see Fig. 



4.4 



aJo 
J i+1 

ry.30 



-oo or 



aJo 
J i+1 
Jo 



and 

> 



4.51 



-oo and function + g(h°) is continuous at 



Remove points x° from P for all such 



Step 2 (see Fig. 4.5 1. Find all < i < (r - l)j such that j\ 



-l Ala 
r Ji+i- 



aJo -Jo 
Ji >Ji+ 



x > — oo and at least one of the functions + g^°\ + g^" 1 



is continuous at x° . Remove points x° from P for all such i's 



Step 3 (see Fig. 4.6 and 4.7 1. To describe what to do in the last step of the 



construction, denote first the intervals of the partition determined by P from 
the left to the right by Ai, . . . , A„, where n is the number of elements of P. For 
1 < i < n denote by di the length of the interval and put 



{jeN: {3xeAi) f (j) {x)+g U) (x)-t <e|eNU{-oo}. (4.17) 



ji = max 



For 1 < i < n — 1 we claim that either ji,ji + \ € N and by Step 1 



and 
and 



Step 2 the point sup Ai = inf A i+1 is a discontinuity for both + gV*' 
fiii+i) _|_ gtii+i)^ or exactly one of the numbers ji,ji + \ is equal to — oo. Indeed. 



suppose that one of the functions /W*) 



9 



(n) 



h+i) 



7 0'i+l) 



is continuous 



at sup Ai = inf A^+i and ji,ji + i £ N. Notice that each interval A^ is a union of 
subintervals of the form A J S ° and ji > j J s ° for any number s such that A^° C A^. 
Therefore by Step 1 or Step 2 of the construction we would have removed point 
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\ 
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Jo 
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Jo 
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y(jz+i) 

f(ji-l) — ftii) -\- gUi) 

f(ji- 1 ) -f gUi-l) — f(ji + l) -\- gUi+l) 



Figure 4.5: Assume = j'j 7^ jj+i- -Step i. Remove x 3 ". Step 2. Remove 



H+i 



sup Aj = inf A,-_|_i from set P. Hence whenever one of the functions +gk>i) 
or fUi+i) _)_ gtii+i) i s continuous at supAj = inf A,-+x then at least one of the 
numbers ji,ji+i is equal to —00. If ji = ji+\ = —00, we would have removed 
point sup Aj = inf A i+1 from set P by Step 3 of the construction, whence exactly 
one of the numbers is equal to —00. Now we concentrate our attention 

on 1 < i < n such that ji = —00. For simplicity of notation put jo = j n +i — 0. 
By Step 3, we have jt—i,ji+i <E N whenever ji = —00. If Z^ -1 -* + gw*- 1 ) is 
continuous at inf Aj or _|_ gtii+i) \ s continuous at sup A,, we remove both 

inf Aj and sup Aj from P. The construction is complete and again by abuse of 
notation, we continue to denote the intervals of the partition determined by P 
by Ai, . . . , A„ and their lengths by d\, . . . , d n . The numbers ji are still defined 



by formula (4.171 for the new intervals A,. 



For j € N and 1 < i < n set 



jieA,: f^(x)+g {j) (x)-t < e} , 
A i>j (f,g,t, S )n{x€[0,l): f'^(x)<o}, 
A itj (f,g,t,e)n{xe[0,l): fW(x)>o}. 



If there is no ambiguity, we will write briefly Ajj, _ _ 



Lemma 4.9. The partition of [0,1) into Ai, 
the following properties: 



Ar. and A, 
A„ described above satisfies 
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A, +1 



t + e 
t 

t-e 



f Ui. 


-l) _|_ gUi-l) 


f Ui- 


fl) _|_ g{ji + l) 



Figure 4.6: Step 3. Don't remove any of the points inf Aj, sup Aj 



1. each interval Aj o/ £/ie partition is a finite union of maximal intervals on 
which fd*> + g^^ is continuous; 

2. for each interval Aj of the partition with ji > — oo and for every Nq < 
j < ji there exists a unique number < q < (r — l)j (q = q(i,j)) such 
that A^ n Ajj ^ 0. 

Proof. Property 1. Notice that by construction the endpoints of Aj are dis- 
continuity points for + (otherwise we would have removed them from 
P - see Step 1 or Step 2 of the construction of the partition). Therefore the 
partition has required Property 1. 

Property 2. Suppose, for contradiction, that there exist y, y' e A, (t/ < y'), 
j,f € N (N < j,f < j,) such that 



lim f {j) {x)= lim f {i '\x) = +oo, 

x—>y x—>y lJt ~ 



A 4 ,,n(O,y)^0, A^n(y',l)^0, 
there is no point z e (0, y) such that 

lim f { ' j) (x) = +oo and Ajj n (0, y) = A itj n (0, z) 



and no point z' G (y' , 1) such that 

lim fi'\x) = +oo and A itj > n (?/, 1) = Aj ;j > n {z , 1). 
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Figure 4.7: S^ep 5. Remove both inf Aj and sup Aj 



Assume also that y and y' are the closest such points, meaning that the condition 
Ai,fc H (y,y') 7^ for some k > Nq implies that the function + g 



is 



continuous on (y,y') (see Fig. |4~l 
We claim that 

A l , fe n(y,y') 



for all k> N. 



(4.18) 



Suppose, to derive a contradiction, that this is not true and for some k > Nq 
there exists z e (y, y') such that /' fc ' (z) + (z) € (t — e, t + e). Without loss 
of generality we may assume that is increasing on (z, y 1 ) (if this is not the 
case, then it is decreasing on (y, z)). Let y — inf{x > y': >(x) + \x) € 
(< — e, i + e)}. Notice that k < j,j' (otherwise would be discontinuous at y 
or y' and this would contradict our choice of y and y'). We have 

f {k \lj) + g (k) (V) < f (j 'HV) + 9 {f \v) - min(/ + g) = t + e - min(/ + g). 
On the other hand 

f (k) (V) + g [k) (y) > I (k) (*) + g {k) (z)-e>t- 2s, 

where the first inequality follows from Lemma 4.8 and from the fact that 
is increasing on (z,y). Hence 

t~2e<t + e- min(/ + g) 



and this is impossible since 3e < min(/ + g) (see ( 4.16| , page 23 1. There- 
fore (4.181 holds. In view of the construction of P (Step 3) this is however 
impossible and the proof is complete. □ 

For 1 < i < n and Nq < j < ji such that A^ j ^ pick Xi j G A, j and let 

7 (j) 



9 ( x i,j) f° r some x € Ajj. For N < j < ji put 



A 



'■j 



x e Aj 



< 2e and / ,(i) (^) <o}nAj 
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Figure 4.8: A situation in the proof of Property 2 



and 



x e A, 



f U) (x)+ 9i 



<2eand /«(x) > o} n Aj (tj) , 



where q(i,j) is the unique number q such that n A i rj ^ (such a number 
exists by Property 2. from Lemma 4.9). Let 



A+UA". 



Remark 4.6. Let j > AT . Notice that Ajj c A$ j. Indeed, let x € A 
By Property 2 in Lemma 
Lemma 14.81 we have 



4.9 



it follows that a; € A 



<3(i,j)' 



Therefore and by 



£/ (j) (x) - g itj 



< e. 



< e. 



Moreover, by the assumption that x £ Ajj, 
Hence 

fV\x)+g id -t\ < \ f®(x)+gV\x)-t\ + \g {j) {x)- 9i 
and our claim follows. 



< 2e 



Let A,B C [0, 1). We write A < B if for every a £ A and every b £ B we 
have a < b. In particular, A < £> if A = or B = 0. 

Lemma 4.10. If e < g min(/ + 5) t/ien £/ie condition No < j < j' < j'j implies 

A- 3 < Ar, < A+, < A+ (4.19) 

/or all 1 < i < n. 

Proof. We will show that A^ < AT., for N Q < j < j' < j t . The proof of 
the remaining part of the statement is analogous. Suppose for contradiction 
that there exist x £ A^~-, x' £ A^~-, such that x' < x. Let y £ Ajj C Aj^, 
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4.61 



y 1 € Aiji c Aiji be such that g^\y) — gij, \y') — gi.y (see Remark 
By Lemma |4.8| and since j < j' , we have 

/&V)+$°'V) 

> f (i ' } {x') + g (j ' ] {x')-e> fW (x r ) + gW (x 1 ) + min(/ + <?)-£. 

Therefore 

/<*V) + g^(x') < /« V) + gU'Xy') - min(/ + g) + e 

= (f (f) {x') + g id , - t) + (t + £ - min(/ + g)) 

< 2e + (t + £ - min(/ + g)) =t + 3s- min(/ + g), (4.20) 

where the right inequality follows from x' E ^ij" There are two cases: either 
f(f) -|- gU) i s continuous on [a:', a;] or it is not. In the first case we have 

fU) + g (J) > fU) (3.) + g U) (a;) _ £ > i _ 3e (4.21) 

(the inequalities follow from the fact that /w) is decreasing at a;, so from 
Lemma 4.3 and from Lemma 4.8 it is decreasing also on [x',x]). In the sec- 
ond case by Property 2. in Lemma [4. 9| 



f^(x') + g^(x') = f^(x') + g itj + g^(x') - <,„, > t - 3e. 



Hence from (4.201, (4.211 and (4.221 we obtain 

t — 3e < t + 3e — min(/ + g), 



which is a clear contradiction with the choice of e (see (4.161, page 23 1. 



(4.22) 



□ 



Lemma 4.11. For each rj > 0, e < min(min(/ + g), \ min/) and each N 6 N 
there exists Tq > such that for all t > Tq the following inequality holds: 

[0,1): (Bj<N)\fW(x)+gU)(x)-t\<e}<ij^ 

Proof. Fix rj > 0, e < min(min(/ + g), \ min/) and N G N. Let 

c , = max min f^ — 2s. 

0<i<(r-l)j A j 

Since > fU) 4- nrm /, we have Cj+i > Cj + min /. Put 

j (t) = max{j € N: a,- < i}. 

Let <5 > be such that for x,y €L the condition |x — j/| < <5 implies \g^(x) — 
g^(y)\ < £ for k < N and all < i < (r — l)j. Set G = max(maxg, 0) and 
take M > such that the following holds: 



M > , 
V 

M > cN, 
M>|, 



(4.23) 
(4.24) 
(4.25) 



5 Recall that m stands for the Lebesgue measure. 
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where constant c > 1 is the same as in the definition of balanced partition 



lengths. Let T = c M +i + NG and fix t > T . Letting j := j (t - G) by ( [423 1 
we obtain 

jo > Mcm+i) = M. (4.26) 



Moreover, by (4.24) we have 



jo > M > cN > N. 



(4.27) 



We claim that 



{a; G Af : (3 j < N) fW[x) + NG - t < 2e} = 

for < i < (r — l)jo such that is continuous on the closure cl ^Af of 
A| . Indeed, suppose that this is not the case and take x G cl ^Af such 

that \f^(x) + NG — t\ < 2e. Without loss of generality, we may assume that 
f'^(x) > (otherwise we have f'^'{x) < and instead of looking at Af^ in 
what follows, we look at Af_ x ). There exists x G Af_ x such that f'^°\x) < 
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Figure 4.9: The situation in the intervals Af i Af 
and \f Uo) (x) +NG-t\< 2s. Let 

z = inf |x G Af_ x : f Uo) {x) + NG - t < 2e} . 



Since jo > N > j , we have (see Figure 4.9 1 



t - 2e < f u) (z) + NG < f ijo) (z) + NG - min / = t + 2e - min /, 

whence min / < 4e, which is impossible by choice of e. Since /W has N(r - 
1) + 1 < Nr discontinuities and for j < N is continuous whenever is 
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continuous, at most 2Nr of the intervals cl ^ A|° J have a nonempty intersection 
with the set 

ix e [0, 1) : (3 j < N) fW(x) + 7VG — t < 2e} . 



Hence, by (4.26) and (4.231 and using the assumption that the considered IET 



has balanced partition lengths, we obtain 

m \x e [0, 1) : (3 j < N) f u) (x) + NG - t < 2e| < 2Nr max m(Af ) 

I ~ J 0<i<(r-l)io 

< 2Nr — < 2Nr — < ft. (4.28) 
jo ~ M 

For 1 < i < (r - l)j pick x { € Af . Since g^(xi) < NG for j < iV, by 



i-^)( x .) + 2e 
*-^)( x .)_2e 




£ - NG + 2e 

t — NG 

t — NG - 2e 



Figure 4.10: The situation in Af 
convexity of we have 



{ 



m i€ A- 



f ij) {x) +NG-t 



< 2, 



} 



>m{ie Af : /^(a;) + g ij) (xi) -t < 2e} , (4.29) 



where xi £ Af (see Figure 4.101 and 
fx e Af 



j0)( a .) +5 (j)( a .)_ i | <£ J 

c{i£ Af : \f U) (x) + gWfa) -t\< 2e} . (4.30) 



Indeed, to justify (4.301 notice that by (4.26) and (4.251 we have 
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so for x £ A? it holds \g^(x) ~ g^{xi)\ < e and 

fW(x) + g U) {x t ) = fW(x) + g u \x) - g u) (x) + gWfa) e(t-2e,t + 2s), 
provided that f^(x) + g^(x) £(t-e,t + e). Therefore, by ( |430) and ( pL29| 

mjxeAf: / (j ' } (a;) -< < e} 

<m{i€Af: fV\x)+NG-t <2e\ . 

Hence 

m{xe[0,l): (3 j < AT) |/^(x) + g^\x) — t < ej 

^EE m { ieA ^ : / 0) (a;)+iVG-< <2e}. (4.31) 



i j<jv 



Notice that from e < \ min / it follows that the sets {x € [0, 1) : \f (j) (x) + NG - t\ 
are pairwise disjoint for j £ N (so in particular for j < iV), whence 



^^m^eAf: / (j) (x)+iVG-< <2e} 



i j'<JV 



(J (J {x g Af : /^(x) + 7VG - < < 2e} 



i j<JV 



{x <= [0, 1) : (3 j < N) f io \x) + NG — t <2e\. (4.32) 



The assertion follows from (4.31), (4.321 and (4.28). 



□ 



Proof of Theorem \4-.l\ We claim that for any r\ £ (0, 1) there exist e > and 
to > such that 



m f{x e [0, 1) : (3 j € N) / w (x) + (x) - t < e} < ?? 



(4.33) 



for t > t Q . This ensures that for any sequence i n — ¥ oo there exists n £ N such 
that for 7i > no 



|i€ [0,1): (3 jeN)|/«(x)+ 9 «(x)-t n | < e} < rj, 



which implies 



lim inf m 

71— >oo 



[x£ [0,1): (3 jeN)|/«(a;)+ 9 W(x)-i n | < e} < rj. 



By Lemma 4.2 this means that the special flow T^ +a is not partially rigid along 
any sequence {t„}. Therefore, we are left to prove the claim (4.331. 
Fix rj £ (0, 1) and take rj > rj > 0, rj and K £ N such that 



(4.34) 
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It follows from Lemma 4.4 and from the left inequality in (4.3) that condi- 
tion ( |4 14) in Lemma |i^holds for H = : A| -> K: j > 6c 2 , < i < 
(r - l)j} and 5 = f . Let e be as in the assertion of Lemma 4.5 making it 
smaller if necessary, such that 



£ < 



min(/ + g) 
2K 



(4.35) 



and 



e < ^mrnif + g). 
6 



Then, by Lemma 4.5 for j > 6c 2 and < i < (r — l)j we have 

m jx € Af : f^ j \x) - s < 2e| < ^ 

for all s > 0. Let -/V € N be as in the assertion of Lemma [4. 8| Put 
t = max { min (/(^l) + g (Jec^) _ u 



(4.36) 



(4.37) 



where [•] stands for the ceiling function and fix t > to- Consider the partition of 
[0, 1) into subintervals Aj = Ai(/, g, t, e), where 1 < i < n, described previously. 
By Lemma |4.10| we have 



A"- < A"., < A+ , < A + - 



for all Nq < j < j' < ji and 1 < i < n (see Fig. 4.11 1. We will show that 




A~ A~- 

i,3i 



A+ 




Figure 4.11: Pairwise disjoint sets A i •, A^- 



ji > 6c for 1 < i < n. 



(4.38) 
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Indeed, notice that from (4.371 it follows that for all < i < (r — l)[6c 2 ] 



t > to > min (/ 



(r6c 2 i) +ff (r 6c 2 i)_ e)! 



whence there exist Xi G A 



such that 



dec 2 !). 



(x,) + .g (r6c2l) (^) <t + e. 



4.3 



This, together with Lemma 

f (le^) {x r }+g (l^) {x r ) _ t 

Hence, for < i < (r — l)|~6c 2 ] 



rg 2-| 

implies that there exist x\ € A] 1 satisfying 



< e. 



(4.39) 



max{j G N: (3 x G A^ 1 ) + g [j) {x) -t < e} > [6c 2 ]. (4.40) 

Suppose that for some 1 < io < n we have ji < 6c 2 < [6c 2 ] . Then each interval 
A J q° (0 < q < (r — l)ij ) consists of a finite number of intervals of the form 



A 



f6c 2 l 



Hence (4.40) is contradictory to the definition of ji (recall that Ai g is 



a union of intervals of the form A q '° ) and (4.38 1 has been shown. 

Consider first the case where ji > No for all 1 < i < n. We claim that the 
following three inequalities hold: 



U A ^ 

>N <j<ji 



U U ] A ^ < 

,l<i<n j<N j 



(4.41) 
(4.42) 

(4.43) 



For N < j < ji such that Aij 7^ let ffj.,- = g^\x) for some a; € Ajj, as in the 



4.10 



beginning of the proof of Lemma 
so that Aij i = A^ n Aij i . Notice that 



Using Lemma 



4.9 



choose A = A* fl A, 



Therefore 



mm f(n) <t + e. 

A 



t - 9i. 3l > min/^^ - e > 0. 



Similarly, t — g t _j > for N < j < ji. Hence (4.381 implies that 

m (Ajj^ < rjdi. 
By Lemma [4. 8| for x, y E A it holds that 

g(j')(x)-gM(y) < :. 



(4.44) 
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Therefore Aij. C A^.j.. Indeed, if x € A^j. , then 



fM(x) + g itji = f Ui) (x) + g W(x) + g i>jt - gW{x) £ (t - 2e, t + 2e). 



Hence and by (4.44) we have shown that (4.41 1 is true. 



Now we will prove that (4.421 also holds. As before, for No < j < ji we have 
Aij C Ajj. Therefore it suffices to prove that 



TO ( u JV <3<i i Ai, i ) < — di 



(4.45) 



4.10 



Notice that by Lemma 4.3 is convex on each 



We will use Lemma 
interval where it is continuous. Therefore for Nq < j < ji such that A^~- ^ 
by mean value theorem we have 



MA"-) 

Xj+i — Xj 



< 



2s 



fU+Vfa+i) + gi , j+ i - fU)(x j+ i) - 9i)j ' 



where Xj — inf A i . for Nq < j < ji (see Fig. 



4.121. Now we estimate the 




f U+1) (x)+g w 

- fVHx)+9ij 
A=fV ) (x j ) + g itj 
B =fU+V(x j+1 )+g iij+1 

C =f^{sup(AT ] ))+g^ 

D=fW(x i+ i) + gij 

Figure 4.12: A situation in the proof of Theorem |4.1| 
denominator from below. It follows from Lemma \4M that 



+ 9i,j+i ~ 9 {3+X) (xj+i) +9 ij) {Xj+i) ~9i,j > xnm(f + g) - 2e. 



Therefore by (4.351 for No < j < ji we have 

2e 



77? 



K) - min(7+ff) (:Cj ' +1 " ^ < K {Xj+1 - *A 
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whence (by adding the inequalities for iVo < j < ji and by inf Aj < Xj for 
N < j < ji such that A itj ^ 0) 



In the same way, 



m (^N <j<jAt]) < ^(sup A 4 - %), 



where Xj i = sup A^ . . Hence 



mi^No^jAij) < J^di + —{xjt - x^) < ^di 



i.e. ( |4.45| hol ds and so does ( |4.42[ ). By Lemma |4~TT) ( |4.43[ ) is also true. There- 
fore by^434| 

m(Ui<i<„ U ieN Ai j) < rj + — + rj < fj. 

A 

If for some 1 < i < n we have ji < No, then 

Aj^ C Ui<;<„ Uj<Ar A iii7 -, 
we obtain the same result and so the claim follows. □ 



5 IETs with balanced partition lengths 

Let T: [0, 1) — » [0, 1) be an irrational rotation on the circle T = R/Z. It is well- 
known that a necessary and sufficient condition for a to have bounded partial 
quotients is that the rotation by a on the circle has balanced partition lengths. 
The main concern in this section is with giving more examples of interval ex- 
change transformations with balanced partition lengths. In particular, we show 
that every IET which is of periodic type has balanced partition lengths. 

Remark 5.1. Let xq < x± < ■ ■ ■ < Xk~i < Xk and consider V = V{x§\ X\, . . . , Xk- 
Suppose that 

1 X l+ l - Xi 

- < < c 

for some c > 1 for all < i, j < k — 1. Then for < j < k — 1 we have 

k — 1 

-<2^ ~ < kc > 



which is equivalent to 



,:=0 Xj+1 Xj 



k Xk — Xq 

- < — — < kc. 



Xj+l 



Hence 



(x k - x o)-^ < Xj+i - xj < (x k - x )- 



for all < j < k — 1 and 



1 c 
(xk — xq)— - < minT 3 < max? < (xk — xq) t . 

ck k 



3G 



Lemma 5.1. Every IET of periodic type has balanced partition lengths. 

Before we prove the above lemma, let us recall some notation from Section [2] 
Recall that A: A — ► SL(r, Z) stands for the Rauzy cocycle, 1Z stands for the 
Rauzy induction map and lZ n (T): j( n ) — > j( n ) for n > 0. Recall that for an 
IET T of periodic type the sequence A(T), A(KT), A(K n T) is periodic with 
some period p > and the period matrix A^ P '(T) has strictly positive entries. 
For a matrix B £ SL(r, Z) with strictly positive entries recall that 

V(B) = max — — . 

Bij 



We will also need inequalities (2.4), i.e. 

(n+m) 



< < V(B) 

— - I n-i-rrt. 1 — \ / 



which hold whenever = B • 



Proof of Lemma \5J\ Suppose that T is of periodic type. Let p be a period of 
the Rauzy matrices such that A P (T) has only strictly positive entries. Denote 

the period matrix ^^(T) by B. Put p = (B T )- 1 X {0) . We will prove now 

that condition (i) of Definition 2.9 is fulfilled. Note that IETs of periodic type 
automatically satisfy the IDOC since Rauzy induction is well-defined for all 
steps. Therefore they are also minimal and we can choose K\ € N such that for 
1 < i < r there exist 1 < fc, < K\ satisfying 

T- fe *A€/| 0) , (5.1) 

where 1^ is the leftmost interval exchanged by T. 
We will show that there exists Mi € N such that 

iK X + i)e +i,p) < e: +Mi)p) (5.2) 

for every M e N. Let Mi e N satisfy 

^-(B) < 1. (5.3) 

Since ^(( Af + 1 )P+P) = S • / 1 (( m + 1 )p) ; for every 1 < i < r, 

> rfc «£+i)ri (5 4) 



Moreover, from (2.4) we have 
Therefore 

< (*i + l)p^T^(5)^ +Ml)p) < ^ +M1)P) (5-6) 
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where the left inequality follows from (5.5), the middle one is obtained by it- 
erating (|5.4| Mi — 1 times and the right one is a consequence of (5.3 1. This 



implies (5.2). 

Fix j e N. Let M € N satisfy 

(#i + l)hgg < j < (K, + l)h<W +1 ™. (5.7) 



From (5.2) we have 

3<h"Z +Ul)P) - (5-8) 
Now we will obtain a lower bound for va.vo.Vj. Cut the towers for 7^.(( m + m i)p) 
at the points p M + M * ■ T" 1 /^ (1 < i < r - 1). Let V stand for the partition of 
the interval [0,1) after cutting the towers. We claim that now the set of the 
partition points of V includes the set {T~ s f3i : < s < j — 1, 1 < i < r — 1}. 
Indeed, the discontinuity points for the induced IET H { ( M+Ml)p) (T) are the first 
iterations of the initial discontinuity points (1 < i < r — 1) via T^ 1 which 
are in /(( m + m i)p). This means that the points /?, : 1 < i < r — 1 belong to the 
set of the left ends of the floors of the towers. Otherwise, after some iterations 
via we would get that the discontinuity points of the new transformation 
7^((A/+Mi)p) (rp^ are j ras j(fg the intervals exchanged by it, which is impossible. In 
view of the inequality (15. 81) we obtain 



# ([T' S I3 % : < s < j - 1} n /(( m + m !)p)) < i 
for every 1 < i < r. Therefore the partition V is finer than Vj and 

minT 5 < minPj. 

We will now estimate minP from below. Let c-i > 1 be such that 

< minT^ 

c 2 r 

(V2 is the same as Vj for j = 2). Hence, by the definition of V 

mmV = p M+Ml mmV 2 > p M+Ml —. 

c 2 r 

This is therefore also the lower bound which we were looking for: 

min7>, >p M+Ml — . (5.9) 
c 2 r 

Now we will estimate m&xVj from above. Consider the towers for TZ^ Mp \T). 
From the left inequality in (5.7 1 and the definition of K\, in each floor of each 
tower there is at least one partition point of Vj . Therefore from the definition 
of p 

m&xVj < 2p M max(Vi). 

Let ci > 1 satisfy 

maxCPx) < — . (5.10) 
r 

Hence 

max?, < 2p M max?! < 2p M — . (5.11) 

r 
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Combining (5.9 1 and (5.111 we obtain 
P 



(5.12) 



C 2 T r 

Therefore the ratio of the lengths of the intervals of the partition Vj is between 

2cic 2 



2p 



c 2 r 



-jri— and . 

-> M i 2cic 2 



Hence, as Vj is a partition into ( r — l)j + 1 subintervals, (r — l)j + 1 < rj and 



t — tt^-tt > ? , in view of Remark 



5.1 



we have 



1 2 Cl c 2 1 rp M ^ 
< xamVj < maxVj < -. 



3 rp" 



j 2cic 2 



Thus, we have proved that IETs of periodic type fulfill condition (i) of Defini- 
tion [2J0 

The proof of condition (ii) is similar. We use the notation introduced in the 
first part of the proof. Fix < io < r — 1 and let K 2 be a natural number such 
that for 1 < i < r there exist 1 < , k~l < K 2 such that 



T- fc > A e 4 0) and T k * f3 lf> e /, 

(such a number K 2 exists from the minimalitjj^]) . Fix j > 1 and < ko < j — 1 . 
As in the first part of the proof, there exists M 2 £ N such that for every M € N 



fc+ 



r(0) 



( ^ + 1) ,((M +1 ) P )<l ft ((M + M 2 ) P )^ 



Let M G N satisfy 

(if2 + l)^a J X P) < 



i-i 



(5.13) 



(5.14) 



where [-J is the floor function. From the right inequality in (5.141 and from 
(5.131 we have 

3<h^ +M2)p) . (5.15) 

Now we will obtain a lower bound for minV ({T~ ko+l fii a : < I < j — 1}). 
Cut the towers for -R^ M+M ^ at the points p M + M *T~ x p, l0 and p M+M2 T(3 io . 
Let Vi stand for the partition of the interval [0, 1) after cutting the towers. 
Since the point f3 io is a left end of some floor of some tower for TZ(( m + m ^)p) (T) 
(see the first part of the proof), in view of the inequality (5.15 1 we obtain 



< 1 



and 



# ({T- S f3 l0 : < s < j - 1} n im+M,)v)\ 

# ({T s (3 t0 : < s < j - 1} H im+M 2 ) P )\ < ! 



6 Since T is of periodic type, all steps of Rauzy induction are well-defined. Therefore T 
satisfies IDOC, whence also T~ 1 satisfies IDOC. This implies minimality of T~ 1 . 
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Therefore the partition V io is finer than T>{{T k ° +l f3 lg : < / < j - 1}) and 

minV ({T k " +l /3 l0 : < I < j - l}) > mmV lQ . 
Let C2 > 1 be such that 

~ < minPdT^.r^iJi: < i < r - 1}). 
Hence, by the definition of 7-^ 

minP iD = p M+Ah minV ({T/^T" 1 ^, A : < i < r - l}) > p M+M - ± 



c 2 r 



Now we will estimate max "P({T 0+ fii ; < I < j — 1}) from above. 
Consider the towers for TZ^ Mp \T) and cut them at the points p M T~ s j3i a and 
p M T s /3 iQ (1 < s < K 2 ). Among the points {T- ko+l /3 io : < I < j - 1} there 
are either at least L^i^J backward iterations of (3 io or at least [=^J forward 



iterations of /3j . In either case we conclude from the left inequality in (5.14) 
and the definition of Ki that in each floor of each tower there is at least one 
point of the form T~ ko+l f3i (Q < I < j— 1). Notice that each floor of each tower 
is an interval. Therefore and from the definition of p 

max"P({T- feo+ '/3 ln : < I < j - 1}) < 2p M max Pi < 2p M — 

r 



(ci was defined in (5.10)). To end the proof of condition (ii) we apply the same 



arguments as in the end part of the proof of (i). □ 

6 From absence of partial rigidity to absence of 
self-similarities 

6.1 Weak convergence and "non-stretching" of Birkhoff 
sums 

An important tool for us will be the following result, which will allow us to use 
Lemma 11.21 



Theorem 6.1 ([7]). ^Let T: (X,B,p,) — > (X,B,p) be an ergodic automorphism 
and f 6 L 2 (X, p.) a positive function for which there exists c > such that 
< c < f{x) for a. a. x € X. Suppose that {D n } is a sequence of Borel subsets 
of X , {q n } is an increasing sequence of natural numbers, and {a n } is a sequence 
of real numbers such that 



• p(D n ) — > a > as n — > oo, 

• p(D n l\T~ 1 D n ) — > as n — > oo, 

• sup^g^ d{x,T qn x) -» 0, 



the sequence {J D \f^ qn \x) — a n \ 2 dp(x)} is bounded, 



7 For more details concerning this theorem see Section lL2| 
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• jjjp ^ ((f( q "H x ) — a n) l-D,,)* (m|.d») — ^ -P weakly in 'P(R) i/ie se£ of proba- 
bility Borel measures on R, 

• £/ie sequence {(T*) an } converges in the weak operator topology. 

Then for some J G J(T'), {{T*) an } converges weakly to the operator a J R (T^) t dP(t)~ 
(1 - a) J. 

We claim, that Theorem |6.1| is applicable in our case, i.e. where the roof 



function is given by / + <? (function / is defined by (3.1) and the equality (3.2 1 
holds, i.e. the singularities are of symmetric type, g is piecewise absolutely 
continuous and continuous whenever / is so). As sets D n we take the "rigidity 
sets" C n constructed by C. Ulcigrai in [24]. They are a modification of the 
sets used by A. Katok in [12] to show that IETs are never mixing. C. Ulcigrai 
considers a more general class of flows than us, namely IETs which admit so- 
called balanced return times (for the definition and more details we refer to |24|V 
It is shown that there exist a sequence {C n }„gN of measurable subsets C n C 
[0,1), a sequence {g n }rieN, In G N, a sequence of finite partitions of 
[0,1) and M > such that 

(i) m(C n ) > a for some positive constant a, 

(ii) for any F G £„, T qn (F H C») C F, 

(iii) max{diam(F) : F G £„} — >■ as n — > oo, 

(iv) |/(*»>(:c) - f {q -Kv)\ < M for all x,y e C n . 

The construction is carried out in such a way that the sets C n are unions of 
levels of towers with appropriately chosen sets in the base, in particular the 
diameters of these base sets converge to zero as n tends to infinity. Therefore 
m(C„AT- 1 (C n )) -> as n -> oo. 

Notice that the conditions (ii) and (iii) imply 

sup d(x,T q "x) — > as n — > oo. 

l£C„ 

The condition (iv) was used first by A. V. Kochergin in [H]. He proved it to be a 
sufficient condition for a special flow to be not mixing, provided that there exist 
rigidity sets for the base automorphism, i.e. sets such that the conditions (i), 
(ii) and (iii) are fulfilled. Moreover, in |12| it was shown that for any function 
h of bounded variation 

(v) \h^(x)-h^(y)\ < M' 

for some constant M for all x,y G C n . 

From (iv) and (v) with h = g it follows that 

(/ + 9) {qn) (x) - a n 2 dm(x)\ , 

where a n = (f + gY Qn ^(xo) for some xq G C n , is bounded. The distributions 
((/ + g)^^ (x) — a n ) ^ (m\c n ) are uniformly tight and we may assume (passing 
to a subsequence if necessary) that 



((f + g)^(x) - a n ) Jm\ c 



P 
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weakly in 'P(K) for some measure P. From separability (passing again to a sub- 
sequence if needed), we deduce that {(T f+9 ) a . n } converges in the weak operator 
topology. 



6.2 The absence of self-similarities 

We will prove now Theorem |1.1| We will use the Lemm a |1.2| 5 recalled in the 
introduction. Let us first prove a counterpart of Theorem 1 1 . 1 1 expressed in terms 
of the special flow representation. 

Theorem 6.2. Assume that Tf+9 is a special flow over an IET T with balanced 



partition lengths, f is given by equation (3.1) and satisfies (3.2 1 and g is a 
piecewise absolutely continuous function (continuous whenever f is continuous), 
such that f + g > 0. Then T^ +9 is not self-similar. 



Proof. By Theorem 6.1 we have that (T /+9 ) Qii converges weakly to the opera- 
tor a J M (T f+9 ) t dP(t) + (1 - a) J for some J £ J(T / ). From Theorem O the 



considered flow is not partially rigid. Therefore, from Lemma |1.2| we conclude 
the absence of self-similarities. □ 

Theorem 1 1 . 1 1 announced in the introduction now easily follows. 

Proof of Theorem \l.l\ The claim follows directly from the discussion in Sec- 
tion [3j by Lemma |5.1| and Theorem |6.2| □ 



6.3 The absence of spectral self-similarities 

In this section we discuss the problem of the absence of spectral self-similarities. 
With minor modification we follow the approach proposed in [5_ . To begin with, 
let us give a formal definition which is the spectral counterpart of the notion of 
the set of scales of self-similarities. By M(L 2 (X, /j,)) we denote the convex set 
of Markov operators V : L 2 (X, /x) — > L 2 (X, /i), i.e. V is a positive operator such 
that 1^(1) = 1 and V*(l) = 1. Let V = (Vt)t<=R be a continuous representation of 
R in M(L 2 (X, fi)). Representations V = (Vf)teR and V' = (V^tgR are said to be 
spectrally isomorphic if there exists a unitary operator U : L 2 (X, n) — > L 2 (X, /i) 
such that U o V/ = V t o U for all tel. 

Definition 6.1. The set of scales of spectral self- similarities is given by 

I S p(V) ={s£l \ {0} : V and V s are spectrally isomorphic} . 
If I sp (V) C { — 1, 1}, we say that V has no spectral self- similarities. 

Let R s : R — > R stand for the rescaling map R s (t) = st. Denote by 7^ (K.) the 
set of all probability Borel measures on R. Let P s = (R S )*(P). 

Remark 6.2. As noticed in jS], 

/ V t dP Sn -> / 

whenever P E and s n — > 0. 
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The next lemma is a modification of Lemma 6.3 in [S]. Let {V: i€l} 
stand for the closure of {Vt : t £ R} in the weak operator topology. 

Lemma 6.3. Suppose that there exists x £ I sp (V) \ {—1, 1} and there exists 
P £ VCR) and < a < 1 such that 



a [ V t dP(t) + (1 - a) J £{V t :t£ R] d 
Jr 

for some J £ M(L 2 (X,{i)). Then 

aI+(l-a)K £{V t :t£ R} d 
for some contraction K on L 2 (X,[i). 

Proof. Since s £ I sp (V), there exists a unitary operator U : L 2 (X, /i) — > L 2 (X, //) 
such that UoV st = V t oU for all t £ R. Therefore, 

U m o V s m t = V t oU m for every t £ K and m £ Z. 

By the assumption, there exists a sequence (t n ) such that \t n \ — > +oo and 

V t „ a j V t dP{t) + (1 - a) J weakly. 
Jr 

It follows that 

V smtn = U~ m o V tn o U m -> a / o y t o U m dP(t) + (1 - a)J m 

= a / F s m t dP(t) + (1 - a)J m =a [ V t dP gm {t) + (1 - a) J m , 
Jr Jr 

where J m = t/" m oJoU m . Hence 

a y V t rfP s ™(t) + (1 - a)J rn £{V t :t£ R} d . 

Assume that \s\ < 1, in the case \s\ > 1 the proof follows by the same method by 
taking the sequence (s~ m )„ =1 instead of (s m )^ =1 . By passing to a subsequence 
if necessary, we can assume that J m — > K weakly, where K is a contraction^] 
Since s m —> as m — >• +oo, by Remark |6.2| 



a J V t d (R am ), (P)(t) + (1 - a)J m al + (1 - a)lf as m -> +cx). 



Thus 



+ (l-a)if G ({V: t£R} d Y = {V t : t £ R} d . 



□ 



Remark 6.3. Notice that the only difference between Lemma [6. 3| and Lemma 
6.3 in [S] is that the obtained operator K is a contraction, not necessarily a 
Markov operator. 



'Every Markov operator is a contraction, see e.g. A. M. Vershik |27| . 
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The following theorem is a spectral counterpart of Theorem 6.4 in [5|. Notice 
that in the second part of the preceding theorem we need to assume that 1/2 < 



a < 1. For the role of 1/2 see also Example 6.5 and Proposition 6.6 



Theorem 6.4. Let T = {T t } tS R be a measure-preserving flow on (X,fi) such 
that T is spectrally isomorphic to T o s for some s ^ ±1. 

• If J R T t dP(t) belongs to {T t : t E R} d for some P E V(M) then T is rigid. 



If a J R T t dP(t) + (l-a)J E{T t :tE R} d for some 1/2 < a < 1, P E V(R) 
and J E J(T) then T is partially rigid. 



Proof. The first part of the claim follows directly from Lemma |6.3| To prove 
the second part suppose that a j R T t dP(t) + (1 — a) J E {T t : t E K} d for some 



1/2 < a < 1. By Lemma 6.3 for any measurable set ^cXwe have 

liminf /j,(T tii A n A) = a^i{A) + (1 - a)(Kl A , 1 A ) 

> afi(A) - (1 - <z)m(A) = (2a - l)fJ,(A). 

Since < 2a — 1 < 1, the proof is complete. □ 

Corollary 6.5. If T is non-rigid and J R T t dP{t) belongs to {T t : t E M.} d for 
some P E V(R) then T has no spectral self- similarities. If T is not partially 
rigid and a J R T t dP(t) + (1 — a) J belongs to {T t : t E R} d for some P E V{M), 
1/2 < a < 1 and J E J(T) then T has no spectral self- similarities. 

Example 6.4. Consider a special flow T* built over a rotation on the circle 
T: [0, 1) —> [0, 1) by a: Tx = x + a, where a is an irrational number with 
bounded partial quotients and under symmetric logarithmic function f{x) — 
-a(log{x}) + log{— x}) + h(x), wh ere a > and h: [0, 1) — > K is an absolutely 



continuous function. By Theorem 4.1 T* is not partially rigid and therefore 



also not rigid. By Theorem 6.1 (see the discussion in Section [6| there exists 
a sequence (a„) such that T£ converges weakly to the operator J r T/ dP(t) 



(rotation is a rigid transformation and as sets D n in Theorem 6.1 we can take 



the whole int erval [0, 1) - this is why there is only one term in the limit operator). 



By Corollary 6.5 it follows that has no spectral self-similarities. 



The flow in Example 6.4 doesn't belong to the family of flows on surfaces 
considered by us in this paper. However, there exist smooth flows on surfaces 
of any genus g > 2 which yield this representation. To construct them, it is 
necessary to allow saddle connections. For more details we refer to [B]. 

We will give now two examples showing that partial rigidity is not a spectral 
invariant. Let us begin by giving a common background for these two examples. 
Consider an ergodic automorphism T: X — > X which is rigid and a cocycle 
tp: X — s- Z 2 = {0, 1} such that automorphism T v : X x Z 2 — > X x Z 2 given by 
T^x^g) = (Tx,ip(x) + g) has Lebesgue spectrum on the space I?(X x Z 2 ) 
L 2 (X) (g) 1. Such a cocycle exists for any ergodic, rigid automorphism T (see 
H. Helson, W. Parry [TO])- Let S: Y —> Y be a Bernoulli automorphism and 
consider TxS: XxY^-XxY. Notice that T x S is not partially rigid, 
whereas T v is partially rigid with rigidity constant a — 1/2 (see Corollary 1.2. 
in[I]). 
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Example 6.5. Assume additionally that T is an ergodic rotation on a compact 
abelian group X, which has an infinite, closed subgroup Xq such that the quo- 
tient space X/Xq is inifhitej^] Then there exists a cocycle cp: X — > Z2 such that 
automorphism T v has countable Lebesgue spectrum on L 2 (XxZ2)0L 2 (X)(g)l. 
We claim that T x S has the same spectrum as TL. Indeed, we have 

L 2 (X xY) = (L 2 (X) ® 1) © (1 ® L 2 Q (Y)) (L 2 (X) <g> L 2 (Y)), 

and 

L 2 (X x Za) = ^oPO ® 1 © (^oPT x Z2) L 2 (X) ® l) . 

Notice that 

• on Lq(X) (g> 1 spectrum of automorphism T x S and spectrum of auto- 
morphism is the same as spectrum of automorphism T on Lq(X), 

• on 1 ® -^o(^) spectrum of automorphism T x S is the same as spectrum 
of automorphism S 1 , i.e. Lebesgue with infinite multiplicity, 

• on Lq(X) £g) Lq(Y) maximal spectral type of automorphism T x S is equal 
to cjt * (75 = (7ji * At = Ax- 
Therefore T x S and T v have the same spectrum whence they are spectrally 
isomorphic. 

Example 6.6. We claim that under the assuptions listed directly before Exam- 



ple 6.5 (without imposing additional properties on X and T, i.e. in particular 
T can be weakly mixing) , automorphisms T v x T v and T x S x T x S have the 
same spectrum. Indeed, notice that 

• on 

Hi := (L 2 (X) ® 1 <8 L 2 {X) (» 1) 9 (^oPO <8 1 ® 1 ® l)ffi 

automorphism T x S x T x S has the same spectrum as automorphism 
T x T on L^(X x X), 

• on H 2 := 1 <X> Lq(Y) ® 1 ® 1 automorphism T x S x T x S has Lebesgue 
spectrum of infinite multiplicity, 

• on 

L 2 (x x y x x x Y) e (i/i © # 2 ) 

as in Example |6.5[ maximal spectral type of automorphism T x S xT x S 
is Lebesgue measure. 

Moreover 

• on 

H := (L 2 (X) <g) 1 ® L 2 (A:) ® 1) ® (£ 2 (X) $ 1 $ 1 $ 1)8 

©(1<X>1<X>L 2 P0® 1) 
automorphism x T v has the same spectrum automorphism T x T on 

x x), 



^These assumptions are fulfilled e.g. by X = T X T. 
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• on Lq(X x Z2 x X x Z2 ) -ff automorphism T v x T v has Lebesgue spectrum 
of infinite multiplicity. 

Therefore T x S x T x S and T v x T v are spectrally isomorphic. 

On the other hand, T v partially rigid with rigidity constant a = 1/2 whence 
T v x T v is partially rigid with rigidity constant a = 1/4, whereas T x S x T x S 
is not partially rigid. 

The following proposition shows that a flow which is spectrally isomorphic 
to a flow which is partially rigid with the rigidity constant greater than 1/2 is 
also partially rigid. 

Proposition 6.6. Let T = {T t } tS R and S = {St}tem be measurable flows on 
probability Borel spaces (X, fi) and (Y, V) respectively. Suppose that T and S 
are spectrally isomorphic and that T is partially rigid along {t n } with rigidity 
constant 1/2 < a < 1. Then S is also partially rigid along the same sequence. 

Proof. By assumption, there exists a unitary operator U: L 2 (X,n) —> L 2 {Y,v) 
intertwining T and S, i.e. such that for all t € R 

UoT t = S t oU. 

Passing to a subsequence if necessary, by Remark |2.3| we obtain 

liminf(S* t7i ]U, JU) =liminf([/oT tn oU^Ia^a) 

= liminf(Ti ii o U'Ha, U~H a ) 

= a(U-H A , U'Ha) + (1 - a)(KU- 1 l A , U'Ha) 
= a(l A , 1a) + (1 - a)(KU- 1 l A , U^Ia) 
> afi(A) - (1 - a)n(A) = (2a - l)ju(A) 

which completes the proof since 2a — 1 > 0. □ 
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